We investigate the asymptotic properties of two reaction-diffusion systems. The first is an annihilation/scattering system with the reactions 2A → ∅, 2A → 2B, 2B → 2A, and 2B → ∅. The second one consists of competing annihilation and fission processes, 2A → ∅ and 2A → (n + 2)A.
considerable attention (for recent reviews, see Refs. [1, 2] ). In sufficiently low spatial dimensions the presence of microscopic particle density fluctuations causes traditional approaches, such as mean-field rate equations, to break down. This has led to the introduction of field-theoretic techniques, which allow fluctuations to be handled in a systematic manner. The first system to be analysed in this way was the single species annihilation reaction 2A → ∅, [3, 4] where it was shown that for dimensions d < 2, the average densityn(t) decays to zero at large times according to the power lawn
where E d is a universal amplitude, whilen(t) ∼ E 2 t −1 ln t in d = 2. Furthermore
Peliti has demonstrated that the coagulation reaction 2A → A belongs to the same universality class as the pure annihilation process 2A → ∅ [5] .
Markedly more complex behaviour may arise once particle production processes are also permitted. For example, the 'Branching and Annihilating Random Walk' system defined by the reactions 2A → ∅ and A → (m + 1)A, displays a dynamic phase transition between an 'active' (n(t) → n s > 0 for t → ∞) and an 'inactive and absorbing' state (n(t) → 0 for t → ∞). For odd m and d ≤ 2 the transition is characterised by the critical exponents of directed percolation [6, 7] , whereas for even m and d < d ′ c ≈ 4/3 the phase transition is described by a new universality class, where the density in the entire absorbing phase decays according to the power law in eq. (1) [8, 9] .
A powerful method for the analysis of such systems is provided by the RG improved perturbation expansion [4, 10] . However, once a field-theoretic action for the system has been derived (from a microscopic master equation), it is also possible to write down effective Langevin-type equations, where the form of the noise can now be specified precisely, without any recourse to assumptions and approximations [2] . The nature of the noise can look somewhat peculiar in this representation, for example in the 2A → ∅ reaction we have the exact equation:
where D is the diffusion constant, λ the reaction rate, and
Hence the noise η is apparently purely imaginary, a rather counterintuitive result.
Furthermore, and related to this, the field appearing in this Langevin equation is not the density field -although a is equal to the mean densityn, this is not true of higher correlators, see Ref. [2] . This accounts for the non-appearance of diffusive noise in eq. (3), where the fluctuating force η represents only the contribution to the overall noise from the reaction process. Since in reality diffusive and reaction noise can never be disentangled from one another, there is no particular reason why the noise in eq. (3) should be real.
Recently Grinstein et al. [11] have studied an equation superficially similar to that given above, with the aim to model active/absorbing transitions in autocatalytic chemical processes. In the special case of a scalar field with a quadratic nonlinearity, their model is defined by the equation
where
Notice, however, that the noise in eq. (5) has the opposite sign to that considered previously (i.e. the noise of Grinstein et al. is real) . This is an important point since a positive sign in the noise correlator leads to divergences in the renormalised parameters of the theory:
and
Hence new singularities emerge when the denominator of Z vanishes. These diver- 2 term in the noise correlator) could otherwise be generated. Hence the physical mechanism behind the noise analysed in Ref. [11] remains somewhat obscure. We note, however, that the model of Ref. [11] would be perfectly consistent physically if diffusive noise were also included in the Langevin description defined by eqs. (4) and (5). In that case the field a(x, t) would now simply be the coarse-grained local density. Furthermore the reaction component of the noise would then be real and both components of the noise would have a positive sign in the correlator. This is the approach taken, for example, by Janssen in Ref. [7] .
The object of this letter is to see if equations similar to that analysed by Grinstein et al. (with real noise, and hence potentially novel behaviour) can be derived consistently for certain reaction-diffusion systems using field-theoretic methods.
Our main finding here is that although we have analysed systems where the noise has both 'real' and 'imaginary' components, we have been unable to recover the new features discussed in [11] . In fact, in both our model systems the ('imaginary') reaction noise dominates the long-time behaviour, which is described by the asymptotic power law (1).
The first reaction-diffusion system we want to consider consists of the four reaction processes
which occur at rates λ AA , λ AB , λ BA , and λ BB , respectively, and with diffusion 
If we now integrate out the response fieldsā andb from the functional integral
DaDāDbDb exp(−S), we find that the above reaction-diffusion system can be described exactly by a pair of Langevin-type equations
with noise correlations
Hence, as desired, we have constructed a system where in a Langevin-type for- Evaluation of these one-loop diagrams yields the following form of the renormalised reaction rates: 
is a geometric factor. This then leads to the one-loop RG beta functions β ij = µ ∂g ij /∂µ:
In fact it can be shown, namely by writing and solving the full coupled BetheSalpeter equations for the four-point vertices and then employing some rather tedious algebra, that the above one-loop beta functions are actually exact to all orders in perturbation theory.
We can now examine the above eqs. (11)- (14) for fixed point solutions g * ij defined
by β ij ({g * ij }) = 0. For d > 2 we find, as expected, merely the trivial Gaussian fixed point where all g * ij = 0. However, for d < 2, the only stable fixed points are those describing uncoupled annihilation processes, i.e.,
Furthermore there is also a fixed line of solutions with 0 < c = g * AB g * BA ≤ ǫ 2 /4 fixed but arbitrary, and
but this, like the Gaussian fixed point, turns out to be unstable for d < 2. Hence the above annihilation/scattering model (7) asymptotically becomes rather simple, and in fact lies in the same universality class as single-species annihilation, with each species of particle decaying according to eq. (1) as t → ∞ for d < 2. This clearly comes about because once the A and B densities are sufficiently depleted, scattering processes are very rare, and if they happen at all, are likely to be immediately followed by an annihilation reaction. Therefore we conclude that, for this system, the presence of real as well as imaginary noise has not introduced any novel behaviour.
Our second reaction-diffusion system consists of the processes
to which we assign the annihilation rate λ and 'fission' rate σ n . Note that these processes differ from the Branching and Annihilating Random Walks [8, 9] mentioned earlier in that offspring particles can only be produced upon collision of two A particles. The corresponding action derived from the master equation describing the reactions (17) reads in terms of the unshifted continuous fieldsâ and a
(the terms depending on the initial density have been omitted here), while upon performing the shiftâ = 1 +ā the effective action becomes
If all verticesā l a 2 for l ≥ 3 are neglected, this field theory becomes equivalent to a nonlinear Langevin equation
with
which again describes competition between 'real' noise (associated with σ n ) and 'imaginary' noise (associated with λ). Upon comparing with the model by Grinstein et al., eqs. (4), (5), we see that the annihilation/fission process apparently corresponds to their parameters r = 0, u = 2λ − nσ n , and ν = n(n + 3)σ n /2 − λ.
Notice that it is potentially dangerous to perform the shiftâ = 1 +ā and then to arbitrarily omit certain nonlinearities [2, 9] , due to the discrete symmetrŷ a → −â, a → −a, under which the action (18) is invariant (for n even). This symmetry corresponds to local particle number conservation modulo 2, which is lost in the Langevin description based on (19). At any rate, the neglected terms have the same scaling dimension as those retained. We therefore proceed with the RG analysis of the unshifted theory (18), which corresponds to keeping all the nonlinear terms in the action (19). Both the annihilation and fission rate have identical scaling dimension ∼ µ 2−d and thus the upper critical dimension is again expected to be d c = 2. The one-loop diagrams renormalising λ and σ n (Fig. 2a) lead to the following RG beta functions
where this leads asymptotically to a density decayn(t) ∼ t −1 (with reduced annihilation rate λ R = λ − nσ n /2); for nσ n > 2λ, on the other hand, the density grows rapidly and diverges at t c = 1/(nσ − 2λ)n 0 , where n 0 is the initial density. For d < 2, at the nontrivial fixed point g * + s * n = ǫ, we have
with the only fixed point s * n = 0. Fluctuations therefore render the fission process irrelevant under renormalisation, and the theory is asymptotically described by the pure annihilation process again, i.e., eq. (1). Certainly to one-loop order, no interesting new singularities as described in Ref. [11] appear here; and neither do we expect that higher orders in perturbation theory could change the above picture.
Notice also that through a combination of fission (with rate σ n ) and annihilation (with rate λ), all the fission processes A → nA, (n − 2)A, . . . become generated (see Fig. 2b and compare also Ref. [9] ). However eq. (24) implies that actually the most relevant amongst these is the one with smallest n. For even n, it therefore becomes obvious that the universality class describing the long-time behaviour is given by 2A → ∅ (n = −2); for odd n, on the other hand, the most relevant process generated is the coagulation 2A → A, which, however, belongs to the same universality class [5] . It is therefore established that for d ≤ 2 the annihilation/fission reactions (17) all belong to the universality class of the pure annihilation reaction. The physical origin of this is the requirement for two particles to meet before they can produce any offspring, which becomes a very unlikely condition once strong particle anti-correlations emerge as a consequence of the annihilation process [2, 3, 4] in low dimensions. Therefore the only effective particle production process in low dimensions (aside from spontaneous particle creation, of course) is the branching reaction A → (m+ 1)A, which does not require two or more particles to meet [8, 9] .
In summary, we have shown that two diffusion-limited chemical systems with either the annihilation/scattering processes (7) or the annihilation/fission processes (17) belong to the same universality class as the pure annihilation reaction in dimensions d ≤ 2, while for d > 2 the mean-field rate equations apply. Thus although in both cases there appears to be a competition between 'real' and 'imaginary' noise, the 'imaginary' reaction noise dominates in low dimensions. Thus we cannot recover any of the interesting behaviour discussed in Ref. [11] in our models, where no assumptions or approximations had to be inferred in order to obtain the form of the nonlinearities and the noise correlations. In fact, in light of the above findings, and considering that the processes discussed here are representative of simple reactions leading to both 'real' and 'imaginary' multiplicative noise terms, it becomes rather unclear which physical system might possibly be described by the nonlinear Langevin equation (4) with noise (5), and thus display the nontrivial effects of Ref. [11] .
